The soft dilaton theorem is derived in covariant and light-cone gauge closed string field theories. We have to take special care of the singularity of the diagrams where the zero-momentum dilaton is attached to one of the external on-shell lines. § 1. Introduction
The soft dilaton theorem l ),2) is one of the most fundamental properties in string theory. It relates an amplitude with a zero-momentum dilaton to the amplitude without the dilaton. Concretely, it reads
limA(N+I)(k; PI, P2, "', PN)
k.-O (1) where A (N+I)(k; p;) on the l.h.s. is the N + 1 point amplitude of one dilaton with momentum k and N other particles which are on-shell and massless and carry momenta p;(i=l-N), and A(N)(Pi) on the r.h.s. is the N point amplitude of the latter N particles only. On the r.h.s. of Eq. (1), a' and g are the slope parameter and the (dimensionless) string coupling constant, respectively, d( =26) is the space-time dimension, and c is some number. Equation (1) tells that the constant shift of the dilaton field 9~ 9+ E in string theory is equivalent to the change of a' and g, The purpose of this paper is to derive this softdilaton theorem in the framework of string field theory (SFT); the covariant closed SFT of the Kyoto group3) and the light-cone gauge SFT. 4 ) In particular, we resolve the (apparent) ambiguity pointed out recently by Kugo-Zwiebach5) and Kawano 6 ) concerning the dilatation property in the covariant closed SFT of the Kyoto group. § 2. Dilatation property of 8FT
The issue of dilaton in SFT was first discussed by Yoneya 7 ) in the light-cone gauge SFT. 4 ) His argument was then applied by N agoshi and the present authorS) to the covariant closed SFT developed by the Kyoto group.3) Let us first recapitulate Ref. 8) for the covariant SFT in a slightly modified form. The point is the following two basic properties of the 3-string vertex V(I, 2, 3):
where f dl denotes the integration over the zero-modes (p, Co, a) of the string 1, and IDiD is the dilaton state with vanishing 26-momentum p,.. and the string-length parameter a:
fD in Eqs. (3) and (4) is the dilatation operator given by
Equations (3) and (4) imply that the covariant closed SFT action,
(6) (7) (8) has an invariance under the following (infinitesimal) transformation of both the string field ([) and the coupling constant g:
The light-cone gauge closed SFT vertex also has the properties (3) and (4) with fJ) and QB replaced by (11) 
is invariant under the transformation (9) and (10) with fD r~placed by fD LC• At first sight, the invariance under the transformation (9) and (10) (and the corresponding one in the light-cone gauge SFT) seems to directly imply the equivalence of the dilaton shift with the transformation (2) since the dilatation operator should effect the scale change, which is equivalent to the rescaling of the length unit f{1 in string theory. However, the matter is not so simple. Let us explain the reason along with the modifications made in this paper from Refs. 7) and 8).
First in the covariant SFT, the problem is that the coefficient (d -2)/2 in Eqs. (4) and (10) may be varied arbitrarily by changing the coefficient of fD a in fD (6) . In fact, since ~rfD a(r)1 V>=(1/2)1 V>, another dilatation operator
with a parameter a satisfies
and therefore the action (8) is still invariant under (9) with this new fD(a) and ODg =((d+a)/2)g instead of (10) Therefore, it is interesting to see how the soft dilaton theorem Eq. (1) is derived in SFTs using the properties Eqs. (3) and (4) of the 3-string vertex. We find that the above problems in two SFTs are both resolved by a careful treatment of the diagrams where the soft dilaton is attached to one of the external on-shell lines.
H. Hata which contribute to the l.h.s. of Eq. (1). These diagrams are classified into two sets (see Fig. 1 ). One (called 1) is the set of diagrams where the soft dilaton is attached to an internal line. The other set (called E) consists of diagrams where the soft dilaton is attached to one of the N external lines. In the following we adopt the Siegel gauge co(j)=O. Note the following points on the Feynman rule:
i) The propagator is given by co/Lp with L p =_p2/2-2(N++ N-)+4, and there is a co-integration J dco for every (internal as well as external) line.
ii) The vertex with an external soft dilaton is given by Eq. (3). where the two Vs are the 3-string vertices connected by the internal line (see Fig. 1 ). Namely, the effect of the soft dilaton insertion to the internal lines is to operate .fD on every internal leg of the 3-string vertices one by one.
Next let us consider the E-diagrams. Here, we see that a naive application of the formula (3) is inappropriate. In fact, it gives, corresponding to Eq. (17), (18) where the first co is the one associated with the external state. In Eq. (18) we have to take the on-shell limit L~O for the external momentum. However, this limit is not well-defined for the second term on the r.h.s. of Eq. (18) due to the presence of 1/L.
In the correct treatment of Eq. (1) we have to first put pli=l-N) on the mass-shell and then take the zero 26-momentum limit kp~O of the dilaton. Then since the propagator on the l.h.s. of Eq. where N gh is the oscillator part of Ngh of Eq. (7), and the operator Tp. is given by (20) In Eq. (19) we have dropped the terms which do not contribute to the l.h.s. of Eq. (1). They are i) the terms not proportional to a/a eo, ii) the O(k) terms which do not commute with the mass-operator N+ + N-, and iii) the O(k2) terms. Now let us reconsider the E-diagrams using Eq. (19). Take a diagram where the soft dilaton attaches to the external leg of one of the N particles with on-shell momentum P satisfying p2= -m 2 (i.e., P is one of Pi in Eq. (1) (1) and consider all the corresponding diagrams contributing to the l.h.s., i.e., all the I-and E-diagrams obtained from the diagram G by a soft-dilaton insertion. Denoting by A(N) the amplitude multiplied by the momentum and the a conservation delta-functions, Le.,
where the subscript G on A indicates that we are considering only the contribution of the diagram G (and its soft dilaton insertion), and VG is the number of the 3-string vertices in G. Note that the I-diagrams and the {fJ term on the r.h.s. of Eq. (21) change every 3-string vertex V in G into ~r{fJ(r) V one by one, which owing to Eq. (4) gives the VG term in Eq. (22). Note also that Ngh=O in Eq. (21) for the physical external state.
The last term of Eq. (22) proportional to l/(k·Pi) vanishes for massless external states owing to Tp.lmassless> =0. The soft dilaton theorem, Eq. (1), for massless external states is immediately obtained from Eq. (22) by making the substitution VG =g(a/ag), restoring a' (which has been set equal to one), using the dimension counting formula (=fD(a)-(2+a)fDa) and proceed in the same manner using Eq. (15), the quantity operating on Ae(N) (Pi) on the r.h.s. of Eq. (22) is replaced by
For the tree diagrams the dependence of A(N) on ai is only through o(~iai), and we have ~r=1fl)aAe(N)=(-I+N/2)Ae(N). Using the (tree) relation N=ve+2, the adependence disappears and we obtain the same soft dilaton theorem as Eq. (1).
For the loop diagrams we have two problems. One is that we still do not have a complete quantization procedure for the closed SFT of Eq. (8) The derivation of the soft dilaton theorem (1) in the light-cone gauge SFT is quite similar to the covariant case given above. It is simplest to consider a dilaton carrying a momentum kp.=(k+=E/2, k-=O, k). Then in the limit E->O the dilaton vertex in the light-cone gauge SFT is given by an expression similar to Eq. 
where the dots ... denote the O(y2) terms. Note, in particular, that Eq. {28) and P = a3k -ep3 gives the expansion NIl a~=t) . P = I ~ I a~=t) • { ; k -(P3 + ;) + ~ P3} , . 
